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$* theory in 5D

We have the Lagrangian

Ly = 50V 6(x,9)0ud(r.y) — VO(6)

where the potential is:
A m2\
74 _ 2 _ "
@ =5 (#-5)
Now we look for a y-dependent vev, ¢.(y).

ove)
e 0

Euler-Lagrange: —¢! +

- Trivial solutions (constants):



-Non Trivial solutions:

Fuler-Lagrange can be integrated to:

|
§(b02 — V{(¢.) = C' = const.

e When C = 0, the non-trivial solution

1S

S5 (y; o) = +—= tanh [ﬁ(y — yo)]

VA V2

This is NOT a periodic solution, i.e.

implies infinite extra-dimension.



e When C' # 0, there exist periodic

non-trivial solutions:

m 2 mly—
¢c(y) — iﬁ k%]fl—l SI1 (%7 kz)

where

m? — 2+/|\C|
m? + 2./|A\C|

and sn(z, k%) is the Jacobi elliptic-sine of
modulus £, with 0 < k < 1.

The period of sn(z, k?) is 4K where

™/2 db 7
K(k*) = =F(=,k
(F) /0 (1 — k2 sin” 0) (27 )

is the complete elliptic integral of the first
kind.

k* =
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Figure 1: Profiles of ¢.(y) (in units of
m/v/A) and the “energy density” e(y) (in
units of m*/\) for k* = 0.01, 0.4, 0.8 and
0.99 (or w = 1.0lwy, 1.34wy, 1.93wy and
3.32wy, with wy = 27 /m).



n Dn My oy Mel | Mg | Period
k2=1 k2=0

0+ | sn?(s, k?) — HEEVLRZHRT [ \/1 +3(1£)2 | tanh®(s) — 1 0 —1 | 2K (k?)

0= cn(s, k%) dn(s, k?) 0 sech?(s) 0 0 4K (k?)

1+ sn(s, k%) dn(s, k2) S sech(s) tanh(s) 3 0 4K (k?)

1 sn(s, k?) cn(s, k?) e sech(s) tanh(s) 3 3 2K (k?)

2t | sn?(s, k?) — BESYIERER | 4 14 3(12E)2 | tanh®(s) — 2 3 2K (k?)

Table 1: First five unnormalized scalar eigenfunctions and the resulting mass

spectrum. The parities are defined with respect to s = 0 and s = K (k?)
(and 2K (k?) is the period of sn*(s, k%))
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Scalar Perturbations

o(z,y) = ¢(y) + ¢z, y)

We separate variables and find the

y-component equation:

02V )

—dn(y) + [3AP2(y) —m? — M7 du(y) = 0

m

By a suitable rescaling, s = T Y this

becomes the Lamé equation

P!'(s) 4+ [h — n(n + 1)k*sn*(s, k*)] én(s) =0

where n =2 and h = (k* + 1)(1 + Aﬂf—fb)



Fermion Localization

We start with a 5D massless Fermion

Lagrangian:

+ Ly

REMARKS

e A 7, symmetry (parity under

y — —y) forbids a fermion mass term.

e Massless HD fermions are not chiral

since I'® = 5.

e The scalar field ¢ acquires a nontrivial
vev ¢.(y) (¢(zx,y) is odd under Z, and
we avoid the instability).
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We decompose ¥(z,y) in chiral

components:

Y = YL+ Yr

REMARK:

e Our parity choice for 9 is such that:

YL(y) = —YL(—y)
Yr(Y) = Yr(—Y)

The coupled Weyl equations are:

7’@ ¢L(37> y) T (85 + f¢c(y))¢R(x7 y) =0
i@ Yr(z,y) + (05 — fbe(y))Yr(z,y) = 0.

We separate variables for each chiral

component

d(z,y) = ¢u(z) ¥y (y)
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Yr(z,y) = V() ¥, (y),
which gives for the z-components
and for the y-components

(0y + f¢c(y))¢5 — mnwglj

m,, 1s the constant of separation.

e Zero mode

If m,, = 0, these become

(Oy + fée(y))¥, =0
(—0y + foe(y))y =0

12



and can be integrated

kleXp{_f/ dy Cbc(?j)}

and

W) = hew|s /dy o.(0) |

and because of the parity imposition, we
have ky = 0, hence 9§ (y) = 0

<

S

S
|

When g, = 7%\ /25 sn (m0te) 12)),

the solution for 1{(y) is amazingly simple:

)
OB () oc fin( =y, 1)+ k en(S2=y, #)]

where 6 = f1/2/\.
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Figure 2: Normalized zero mode 98¢ for w
1.01wg, 1.34wq, 1.93wq and 3.32wq, with wy
27 /m and with § = 0.1, 2.2, 10.1 and —5.1
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e General Fermion Spectrum

We had:

(ay T fﬁbc(y))w? — mn%]j
(—0y + [oc(¥)y = mniy
We decouple them:
=07+ (fe)” — fol, —m2] by
=02 + (foo)" + fo. —mi] ¥y

Inserting our ¢., and introducing

S = \/]:g’ﬁ y, we have

15



2 2
d my,

@—(5 k)?sn* +(8 k) cn dn + (k% + 1)m2 YRt =0
REMARKS:
e Periodic solutions will be of period w
and 2w:
o) = ¥y +w)
Yo (y) = —oi(y + w)

e Antiperiodic solutions (2w) are
allowed: Sherk-Schwarz
compactification with Twist of -1

e LEquivalently, we could think of an
S1/(Z2 x Z2") compactification of
period 2w.

— Periodic solutions correspond to (+, +)

— AntiPeriodic solutions to (4, —)

16



Two limits are known:

a) (k — 0), the equations simplify to

2 2
(d__l_%) w?/L:(L

ds? = m?

with s = my.

b) (k — 1), the equations become

d? m?
<—@ + 0% tanh® s F 6 sech’s — QE;) YR =0

for s = my/v/2.
—> Georgi,Grant,Hailu [hep-ph/0007350]
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SOLUTIONS for 9%

o) x o) o) an( Sty )]

2 V2 17 (1+k)?
m (1 + k) 4k )]
2 V2t 10 (1+ k)2

¢§n+1(y) o< o(y) 01222’“[ am(

where

=gy ) e )]

CIZM(t) = Z A3 cos 2rt

r=0
00

CLE" ) = Z szfjfll cos (2r + 1)t
r=0

where n =1,2,3,....
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Figure 3: Spectruth of the first 7 modes with
respect to the size of the extra dimension with
0 =2.2
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Figure 4: Same with 0 = —2.2.
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Figure 5: Same as before but for the first 22
modes and with ¢ = 10.1
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Figure 6: Same but with 0 = —10.1.
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6=0.

6=10.1
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Figure 7: Profile of @D{{/L, of period 2w (for
w = 1.01lwp, 1.34wgy, 1.93wp and 3.32wqy) and
for 0 = 0.1, 2.2, 10.1 and —5.1.

eigenvalues are given in units of m?2.

The mass
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Figure 8: Profile of ¢§/L, of period w (for w =
1.01wg, 1.34wq, 1.93wy and 3.32wg) and with
0 = 0.1, 2.2 and 10.1. The mass eigenvalues

are given in units of m?2.

22



""" v
k2 - 0.01 k2 - 0.4 L k2 - 0.8 k2 - 0.99
5 222 | g n%:125 5 n%:oeos 5 n% 0. 568

-.5 4.5 5 5
-wo @ 0 w w W @ 0 w w v W 0 w w v @ 0 w w
2 2 2 2
5 - 224 | g - 223 | g - 231 | g = 2.37
/A XN KN A e
savaAvaAvilliva sl s i e
-5 - ‘s ” "l .5
o @ 0 w w - @ 0 w w - @ 0 w w w9 0 w w
2 2 2 2 2 2 2 2
5 - 28 | g - 162 | g - 181 | g % - 18.2
AN AN /‘ ) \‘I\\ 1 . |
1oa I WATL 1AV S O T O
VARvEAVAIaVEN it i -
_.5 -.5 -.5 -.5
wo @ 0 w w wo @ 0 w w o @ 0 w w ) -w 0 w w
2 2 2 2 2 2 2 2

_ 2 R 2 R 2
.5 g 2.35 .5 . ng 4,13 .5 .‘\ \ g 4. 57,\ .5 ‘ \\ g 4. 60’“
X N A AR i\ N i I i
/\ /\ /\ AAVANIANS /\ /\ I A i
6=2.2 W R\ Y v N/ | N \[/
VA N YA iy ‘o W i ' \[ !
A s / Wi v \ | \i \ !
-5 .5 > .5 |} ! .5 |f /
- 0

w -w W 0 w w -w

w

N E} =

w w
2 2 2 2 2 2

Figure 9: Profile of zp?/L, of period 2w (for
1.01wg, 1.34wp, 1.93wg and 3.32wg) and
with 0 = 0.1, 2.2 and 10.1. The mass eigen-

values are given in units of m?
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Outlook

e Solved ¢* with a periodic vev.

e Instability solved by imposing Zs

symmetry

e Found exact solution for localized

mode

e Found numerically the fermionic
spectrum for (+4) and (+—) modes.

Make use of the very light (+—) modes?
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